Abstract-We study the structure of finite groups whose maximal subgroups have the Hall property. We prove that such a group G has at most one non-Abelian composition factor, the solvable radical S(G) admits a Sylow series, the action of G on sections of this series is irreducible, the series is invariant with respect to this action, and the quotient group G/S(G) is either trivial or isomorphic to PSL 2 (7), PSL 2 (11), or PSL 5 (2). As a corollary, we show that every maximal subgroup of G is complemented.
INTRODUCTION
Throughout the article, except for Section 3, by a group we mean a finite group. Recall that H is a Hall subgroup of G if the order of H and the index of H in G are relatively prime. We say that G is a group whose maximal subgroups have the Hall property if every maximal subgroup of G is a Hall subgroup. Let V denote the class of such groups.
A subgroup H of a group G is said to be complemented in G if there exists its complement in G, i.e., a subgroup K such that H ∩ K = 1 and HK = G.
We say that G is a group with complemented maximal subgroups if every maximal subgroup of G is complemented in G. Let W denote the class of such groups.
The study of groups in V and W was initiated by Levchuk and Likharev [16] and Tyutyanov [21] . It was proven that each non-Abelian simple group in W is isomorphic to either PSL 2 (7) ∼ = PSL 3 (2), or PSL 2 (11), or PSL 5 (2). These are groups whose maximal subgroups have the Hall property, i.e., all these groups belong to V . Tikhonenko and Tyutyanov [22] proved that each non-Abelian simple group in V is isomorphic to either PSL 2 (7), or PSL 2 (11), or PSL 5 (2). They also conjectured that V ⊆ W . The above results show that each non-Abelian simple group in V belongs to W . A similar assertion holds for solvable groups. Indeed, by [6, Ch. A, Proposition (10.5)]), the index of each maximal subgroup of a solvable group is primary; hence, every maximal subgroup of a solvable group is complemented by a Sylow subgroup. In [19] , Monakhov studied finite solvable groups in V in more detail. He proved the following assertion.
Proposition 1 [19, Corollary 1] . For every finite solvable group G, the following conditions are equivalent.
(1) Each maximal subgroup of G is a Hall subgroup. (2) Each maximal subgroup of G is complemented by a Sylow subgroup.
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(3) Each principal quotient of G is isomorphic to a suitable Sylow subgroup of G.
He also formulated the following problem [19] : Describe non-Abelian composition factors of a finite unsolvable group whose maximal subgroups have the Hall property 1 . Later this problem was included in the Kourovka Notebook [18, Question 17.92] . In [17] , the first author proved the following assertion: If a composition factor of a group in V is a non-Abelian simple group then it is isomorphic to either PSL 2 (7), or PSL 2 (11), or PSL 5 (2). Hence, the above mentioned three groups exhaust (up to isomorphism) the class of non-Abelian composition factors of unsolvable groups in V . This completely solves Monakhov's problem.
The next natural step is to obtain a complete description of groups in V and to verify the conjecture of Tikhonenko and Tyutyanov on the inclusion V ⊆ W . The present article is devoted to these questions.
We try to generalize Proposition 1 to arbitrary groups in V . We reformulate this proposition as follows: For a solvable group G, we have G ∈ V if and only if G admits a normal series
such that G i−1 /G i is an elementary Abelian p i -group for a suitable p i ∈ π(G), this quotient group is isomorphic to a Sylow p i -group, and the action of G/G i on G i−1 /G i (regarded as a vector space) is irreducible. In particular, all Sylow subgroups of such a group G are elementary Abelian groups and the Frattini subgroup is trivial.
A similar assertion need not hold for an unsolvable group in V . Indeed, let U denote the class of finite groups G satisfying the following conditions:
The following assertion shows the difference between the class of elementary Abelian groups and the class of Sylow subgroups of groups in V .
Proposition 2. The following assertions hold.
. In particular, the least number of generators of Φ(G) is 7. (5) If a variety B consists of locally finite 3-groups then there exists G ∈ U such that Φ(G) is a free group of rank 7 in B . (6) There exists G ∈ U such that each 7-generated 3-group is a homomorphic image of Φ(G).
(7) For every natural n, there exists G ∈ U such that the exponent of Φ(G) is greater than n (8) For every natural n, there exists G ∈ U such that the degree of solvability of Φ(G) is greater than n.
In [24, Theorem 2, Corollary; 25, Theorem 2], Zel'manov suggests a positive solution of the restricted Burnside problem for groups of primary period. According to his results, for every natural m, the class of locally finite groups of period 3 m forms a variety of locally finite 3-groups. By Proposition 2, the universal 7-generated finite group B 0 (7, 3 m ) of exponent 3 m , which is free in this variety, is isomorphic to the Frattini subgroup of a suitable group in U ⊆ V .
The following assertion describes the class V and shows that the groups in U can be judged as exceptions. This is the main result of the present article.
Theorem 1. A finite group G is a group whose maximal subgroups have the Hall property if and only if G admits a normal series
such that the following conditions hold. (2) For the quotient group
one of the following conditions holds:
(a) the order of G is prime; The converse fails even for solvable groups 3 . Consider a finite group of prime exponent p (for example, an elementary Abelian p-group). Each maximal subgroup is complemented but need not be a Hall subgroup. Examples of unsolvable groups possessing this property are PGL 2 (7) and the direct product of PSL 2 (7) and the cyclic group of order 3. It is interesting to study groups in W in more detail. In particular, the following problem seems to be interesting.
Problem. Describe non-Abelian composition factors of groups with complemented maximal subgroups.
For all known examples of groups in W , each non-Abelian composition factor is isomorphic to either PSL 2 (7), or PSL 2 (11), or PSL 5 (2).
DEFINITIONS, NOTATION, AND AUXILIARY RESULTS
We use the standard notation and definitions that can be found in [1, 6, 13, 14, 20] . Describing the structure of a finite group, we use the notation from [3] . For every set π of prime numbers, let π denote the set of prime numbers that do not belong to π. For every natural n, let π(n) denote the set of prime divisors of n. For every finite group G, let π(G) denote the set π |G| .
For every natural n and prime p, by the p-part n p of n we mean the greatest non-negative power of p dividing n.
Let Syl p (G) denote the set of Sylow p-subgroups of a group G. We say that H is a π-Hall subgroup of a group G, where π is a set of prime numbers, if π(H) ⊆ π and π |G : H| ⊆ π . Let Hall π (G) denote the set of π-Hall subgroups of a group G.
2 Although each Gi−1/Gi is a principal quotient for i > 1, the series need not be principal because the quotient group G0/G1 need not be simple. 3 By Proposition 1, a finite solvable group G is a group whose maximal subgroups have the Hall property if and only if each maximal subgroup of G is complemented by a Sylow subgroup. As is mentioned above, each maximal subgroup of each simple group in V is complemented but this complement need not be a Sylow subgroup. Consider the group PSL2 (11) . The normalizer of a Sylow 11-subgroup (of order 55) and the normalizer of a Sylow 3-subgrgoup (of order 12) are maximal subgroups and are complements of each other (see the table below).
Let G be a finite group. Then S(G) denotes the solvable radical, Φ(G) denotes the Frattini subgroup (the intersection of all maximal subgroups), and O π (G) denotes the greatest normal π-subgroup, where π is a set of prime numbers.
Let F q denote the q-element field. We use the following notation for groups: PSL n (q) is the projective special linear group of degree n over the field F q ; S n is the symmetric group of degree n and A n is the alternating group of degree n; D 2n is the dihedral group of order 2n. 
Lemma 4 [17, Theorem 1]. If G is a group whose maximal subgroups have the Hall property then each non-Abelian composition factor of G is isomorphic to either PSL
For the proofs of the following two lemmas, the reader is referred to [3] .
Lemma 6. Let L ∈ {PSL 2 (7), PSL 2 (11), PSL 5 (2)} and let M be a maximal subgroup of L. The information on the structure, the order, and the index of M is presented in the table below.
Maximal subgroups of the groups PSL 2 (7), PSL 2 (11), and
Proof. The indices of maximal subgroups of PSL 2 (7), PSL 2 (11), and PSL 5 (2) are presented in the table above.
Then there exists a maximal subgroup
M of G such that the index of M divides m n and G = LM . In particular, if L i ∼ = PSL 2 (7) then |G : M | is a power of 2, if L i ∼ = PSL 2 (11) then |G : M | is a multiple of either 2 or 3, and if L i ∼ = PSL 5 (2) then |G : M | is a multiple of either 2, or 3, or 7. Moreover, |L| 2 = m n 2 and |L| 3 = m n 3 . Proof. Put p = ⎧ ⎪ ⎨ ⎪ ⎩ 7 if L i ∼ = PSL 2 (7), 11 if L i ∼ = PSL 2 (11), 31 if L i ∼ = PSL 5 (2). The normalizer of a Sylow p-subgroup in L i is a maximal subgroup of L i (see, for example, the table above). For i = 1, . . . , n, we fix a subgroup P i ∈ Syl p (L i ) and put B i = N L i (P i ) and P = P 1 , . . . , P n ∼ = P 1 × · · · × P n .
It is clear that
P ∈ Syl p (L) and N L (P ) = B 1 , . . . , B n ∼ = B 1 × · · · × B n .
By the table above, we have |L
Using the Frattini argument (see [1, Proposition 6 .3]), we conclude that G = LN G (P ); hence, we have
In this section, we prove Proposition 2.
The following properties of the Frattini subgroup are well known, see [6, Ch. A, Theorems 9.2, 9.3, and 9.7].
Lemma 9. Let G be a finite group.
where p is prime, then G/Φ(G) is an elementary Abelian p-group; moreover, the least possible number of generators of G is equal to the dimension of G/Φ(G)
(regarded as a vector space over F p ).
The following notion was introduced by Gasch¨utz [7] .
The following assertion is immediate from Lemma 9. Every group in U is a 3-Frattini extension of the group PSL 2 (7). We will need more information on 3-elementary Frattini extensions of PSL 2 (7). The following assertion provides us with an example of such an extension whose kernel is non-trivial.
Lemma 10. If F is a p-Frattini extension of a finite group G whose kernel is N then F/Φ(N ) is a p-elementary Frattini extension of G whose kernel is N/Φ(N
Lemma 12. There exists a 3-elementary Frattini extension of PSL 2 (7) such that the order of the kernel is 3 7 .
Proof. According to [2], the group PSL 2 (7) admits an absolutely irreducible F 3 -representation of degree 7 such that the second cohomology group is non-trivial.
The following assertion shows that there is no other 3-elementary Frattini extension of PSL 2 (7) whose kernel is non-trivial.
Lemma 13. The maximal 3-Frattini module of the group PSL 2 (7) is irreducible and its dimension is 7.
Proof. See [15, Theorem 1] . As is mentioned in the introduction, in this section, we do not assume that all groups under consideration are finite. Recall that a group G is said to be periodic if the order of each element of G is finite. A p-group is a periodic group such that the orders of elements are powers of a fixed prime p. A group is said to be locally finite if every finitely generated subgroup of this group is finite. A group G is said to be finitely approximated if, for every element g ∈ G with g = 1, there exists an epimorphism τ from G onto a suitable finite group such that g τ = 1.
Recall that a variety of groups is a class of groups axiomatized by a set of identities. The variety generated by a group G is the least variety containing G. If an identity holds in G then it holds in every group in the variety generated by G. In particular, every group in the variety generated by a group of exponent m is a periodic group of period m. Necessary information on varieties of groups can be found in [13, 20] . 
Every group in the variety generated by a group of period p m satisfies the identity x p m = 1. Hence, assertion (3) is a consequence of assertion (2).
Notice that assertions (2) and (3) of Lemma 14, as well as the fact that the free group of a finite rank in the variety generated by a finite group is finite, are consequences of the positive solution of the restricted Burnside problem [12, 24, 25] Assertions (3) and (4) of Proposition 2 are immediate from Lemmas 9, 11, 12, and 13.
Assertion (5) of Proposition 2 is a consequence of Lemmas 13 and 15. Let B denote the variety generated by a finite 7-generated 3-group P . Then B consists of locally finite 3-groups and P is a homomorphic image of the free group of rank 7 in B , see Lemma 14. Hence, assertion (5) implies assertion (6) . In particular, for every m, the cyclic group of order 3 m is a homomorphic image of Φ(G) for a suitable G ∈ U . Therefore, the exponent of the Frattini subgroup of a group in U can be arbitrarily large. This finishes the proof of assertion (7) of Proposition 2.
The rest of the section is devoted to the proof of assertion (8) We will need some properties of the Golod group, which was used in the negative solution of the "unrestricted" Burnside problem [8, 9] .
Lemma 17. If d ≥ 2 and p is a prime number then there exists an infinite finitely approximated d-generated p-group.
Proof Proof. Let G be an infinite finitely approximated d-generated p-group, see Lemma 17. By Lemma 16, the group G is unsolvable. For every natural i, the group G (i) (the ith derived subgroup of G) contains a non-trivial element g i . Since G is finitely approximated, there exists an epimophism
i , the degree of solvability of G i is greater than i. It remains to notice that G i is a d-generated finite p-group.
We turn to the proof of assertion (8) of Proposition 2. By Lemma 18, the degrees of solvability of suitable 7-generated finite 3-groups G i , i = 1, 2, . . . , form an unbounded sequence. Each of these groups is a homomorphic image of the Frattini subgroup of a suitable group in U , see assertion (6) . Hence, for every natural n, there exist a group G ∈ U such that the degree of solvability of the group Φ(G) is greater than n. This finishes the proof of the proposition. 
STRUCTURE OF A FINITE GROUP WHOSE MAXIMAL SUBGROUPS
where non-Abelian simple groups L i are pairwise isomorphic. >From Lemma 4 it follows that each L i is isomorphic to either PSL 2 (7), or PSL 2 (11), or PSL 5 (2). We prove that G is a solvable group.
Assume the contrary. As in Lemma 8, put
Since |L i | 2 = m 2 and |L i | 3 = m 3 , we have |L| 2 = m n 2 and |L| 3 = m n 3 . By Lemma 8, there exists a subgroup M of G such that G = LM and |G : M | divides m n . We show that neither 2 nor 3 divides |G : M |.
Since G is unsolvable, from Lemmas 2 and 4 it follows that some composition factor of G is isomorphic to either PSL 2 (7), or PSL 2 (11), or PSL 5 (2). Since 2 and 3 divide the orders of these groups, we have G 2 > 1 and G 3 > 1. We conclude that
(1)
If either 2 or 3 divides |G : M | then one of the equations
holds because |G : M | divides m n and M is a Hall subgroup. This contradicts (43).
Since π(m) ⊆ {2, 3, 7} and |G : M | divides m n , we find that |G : M | is a power of 7. In particular, it follows from the definition of m that each group L i is isomorphic to PSL 5 (2) and |G : M | = m n 7 . Since M is a Hall subgroup of G, we have
By the definition of m, we conclude that |L i | 7 = m 7 and |L| 7 = m n 7 . We prove that each composition factor of G is isomorphic to neither PSL 2 (7) nor PSL 2 (11). Assume the contrary. Then there exists a homomorphic image G of G and a minimal normal subgroup of G of the form S 1 × · · · × S k , where the groups S i are pairwise isomorphic and each of them is isomorphic to either PSL 2 (7) or PSL 2 (11). Moreover, the group G is a homomorphic image of the group G and the subgroup L is contained in the kernel of the corresponding homomorphism. By Lemma 8, there exists a maximal subgroup of G whose index is a multiple of either 2 or 3. Let M denote the preimage of this subgroup in G. Then M is a maximal subgroup of the same index. Since M contains L, either 2 or 3 divides |M |. Since M is a Hall subgroup, we arrive at a contradiction.
By Lemma 4, each non-Abelian composition factor of G is isomorphic to PSL 5 (2). Since G is unsolvable, we find that 7 divides G = |G : L|. We obtain |G| 7 > |L| 7 = m n 7 , which contradicts (4.3).
Lemma 20. Assume that G ∈ V , the solvable radical of G is trivial, and L is a minimal normal subgroup of G. Then L is a Hall subgroup of G. Moreover, there exists a Hall subgroup H of
Proof. By the Schur-Zassenhaus Theorem [23, Ch. IV, Theorem 27], it suffices to show that the order of L and the index of L in G are relatively prime. Assume that a prime number p divides both |L| and |G : L|. Let G = G/L. By Lemma 19, the group G is solvable. By Lemma 2, each maximal subgroup of G is a Hall subgroup.
By the Hall Theorem [10] , there exists a p -Hall subgroup K of G. Since each maximal subgroup of G is a Hall subgroup and the index G : K is a power of p, the subgroup K coincides with the maximal subgroup containing K. Let K be the preimage of K in G. Then K is a maximal subgroup of G (hence, K is a Hall subgroup) and |G : K| = G : K is a power of p. Since K contains L, we find that p divides |K|. Since K is a Hall subgroup, we arrive at a contradiction.
Lemma 21. Let G ∈ V and let G be a non-trivial group whose solvable radical is trivial. Then G is isomorphic to either PSL 2 (7), or PSL 2 (11), or PSL 5 (2). 
There exists an embedding of Q into Aut(L 1 ). By Lemma 5, Q is a π-group. On the other hand, Q is a quotient group of a suitable subgroup of H. Hence, Q is a π -group. We conclude that
It is easy to see that P is a subgroup and P ∼ = L 1 . We fix an arbitrary element h ∈ H and prove that h ∈ C G (P ). Indeed, there exists a permutation σ on {1, . . . , n} such that
Notice that
We obtain H ≤ C G (P ). In particular, T = P H is a subgroup of G. Since P is a π-group and H is a π -group, their intersection P ∩ H is a trivial group. We find that |T | = |P ||H|. Let M be a maximal subgroup of G containing T . Then |G : M | ∈ π and every number in π divides the order of M . Since each maximal subgroup of G is a Hall subgroup, we arrive at a contradiction. Thus, H = 1.
Lemma 22. Let G ∈ V be an unsolvable group and let G = G/S(G). Then one of the following assertions holds.
(1) The group G is isomorphic to either PSL 2 (7), or PSL 2 (11), or PSL 5 
(2), S(G) is a Hall subgroup of G, and G is a splittable extension of S(G) by G.
(2) We have G ∼ = PSL 2 (7) and |S(G)|, |G : S(G)| = 3.
Proof. Assume that |S(G)|, |G : S(G)| = 1. Then there exists a prime p dividing the orders of S(G) and G.
Assume that p divides the index of a maximal subgroup M of G. Let M be the preimage of M in G. Since M is a maximal subgroup, it is a Hall subgroup. Since S(G) ≤ M , we find that p divides both |M | and |G : M | = G : M . We arrive at a contradiction. Hence, p divides the index of no maximal subgroup of G.
By Lemma 2, we have G ∈ V . Since S G = 1, from Lemma 21 it follows that G is isomorphic to either PSL 2 (7), or PSL 2 (11), or PSL 5 (2). >From Lemma 7 it follows that G ∼ = PSL 2 (7) and |S(G)|, |G : S(G)| is a power of 3. Since PSL 2 (7) 3 = 3, assertion (2) of the lemma holds.
If 
Lemma 23. Assume that G ∈ V and S = S(G). Let P be a non-trivial normal p-subgroup of G, where p is prime, and let : G → G/P be the natural epimorphism. Then either S is a pgroup or the p -Hall subgroup of S is a normal subgroup of G.
Proof. Notice that P ≤ S. Assume that S is not a p -group, i.e., let p divide S . If H ∈ Hall p S then H < S. We prove that H S.
Assume the contrary. 
Assume that V is not a normal subgroup of G and M is a maximal subgroup containing N G (V ).
The following equations hold: 
We find that 3 divides both |N | and |M |. On the other hand, |G : M | divides |G : N | = S : (S ∩ N ) . Since H ≤ S ∩ N , we conclude that S : (S ∩ N ) is a power of 3. Hence, the index |G : M | is a power of 3. Since M is a Hall subgroup of G, we arrive at a contradiction.
Lemma 25. Let G ∈ V . Then G admits a normal series G 1 is a Hall subgroup of G and either G = G/G 1 is a cyclic group of prime order, or G is isomorphic to one of the simple groups PSL 2 (11), PSL 5 (2), or we have G ∈ U . Proof. If G is a solvable group then the required assertion is immediate from Proposition 1. Assume that G is unsolvable. Let G 1 be a 3 -Hall subgroup of S(G) . We show that G 1 G and assertion (2) of the lemma holds for the quotient group G = G/G 1 .
By Lemmas 2 and 21, the quotient group G/S(G) is isomorphic to either PSL 2 (7), or PSL 2 (11), or PSL 5 (2). In particular, the index of S(G) is a multiple of 3. By Lemma 22, either 
. We prove that Φ G = S G , which, in particular, implies that Φ G is a 3-group.
By Lemma 9, the Frattini subgroup is nilpotent; hence, Φ G ≤ S G .
We conclude that the index G : M is a power of 3. Since
the order M is a multiple of 3. By Lemma 2, we have G ∈ V . We conclude that M is a Hall subgroup of G, a contradiction. Therefore, S G is contained in every maximal subgroup of G; hence, it is contained in the intersection Φ G of all such subgroups. Thus, if G is an unsolvable group whose maximal subgroups have the Hall property then G admits a normal series
Using induction on n = π(G 1 ) , we prove that series (4.4) can be extended to the required normal series
of G. For π(G 1 ) = 0, this assertion is already proven.
We prove this assertion for π(G 1 ) = 1. In this case, G 1 is a p-group, where π(G 1 ) = {p}. Assume that P ≤ G 1 , P = G 1 , and P is a minimal normal subgroup of G. Consider the quotient group G = G/P . By the Schur-Zassenhaus Theorem [23, Ch. IV, Theorem 27], we have G = Q G 1 , where G 1 is the image of the p-subgroup G 1 in G and Q is a proper subgroup of G that is isomorphic to G/G 1 . Let M be a maximal subgroup of G containing Q and let M be the preimage of M in G. Then M is a maximal subgroup of G; hence, this is a Hall subgroup. Since P ≤ M , the order of M is a multiple of p.
hence, the former index is a power of p. We arrive at a contradiction. Since P is a minimal normal subgroup, we find that G 1 = P is an elementary Abelian group and the action of G on G 1 (regarded as a vector space) is irreducible. The series
satisfies the conclusion of the lemma. Thus, the lemma is valid for π(G 1 ) = 1.
Assume that the conclusion of the lemma fails for some n = π(G 1 ) . Choose the least such n. Let A be a minimal normal subgroup of G that is contained in G 1 . Then A is an elementary Abelian p-group for some p / ∈ π(G 0 /G 1 ). By Lemma 23, either S(G)/A is a p -group or the p -Hall subgroup of S(G) is a normal subgroup of G. A is a p -group. Consider the quotient group G = G/A. Since π G 1 = n − 1, the group G admits a normal series
Assume that S(G)/
satisfying the conclusion of the lemma. We find that (2) either G = G/G 1 is a cyclic group of prime order, or G = G/G 1 is isomorphic to one of the groups in {PSL 2 (11), PSL 5 (2)}, or Φ G is a 3-group with G Φ G ∼ = PSL 2 (7).
Then each maximal subgroup of G is a complemented Hall subgroup.
Proof. Let M be a maximal subgroup of G. We prove that M is a Hall subgroup. Consider the least i ∈ {1, . . . , n} with G i ≤ M .
Assume that i > 1. 
